In this article, a brief history and recent developments on universal forms are introduced. Recent developments include Conway-Schneeberger's fifteen theorem, Bhargava's finiteness theorem on representability of an infinite set of positive integers by positive definite integral quadratric forms, and their generalizations to higher rank representability. Some interesting corollaries and applications are discussed.
Introduction
Representation theory of quadratic forms cherishes a long and splendid history since Pythagoras. For example, positive integers that are representable by sums of two, three, and four squares were determined by great names like Fermat-Euler, Gauss, and Lagrange, respectively. Hilbert [H] paid a tribute to this fascinating subject by posting two problems among his famous 23 problems for the 20th century -the 11th to quadratic forms over number fields and their integer rings, and the 17th to sums of squares over rational function fields. Recall Lagrange's four square theorem [L] , which states : the integral quadratic form
represents all positive integers. This celebrated statement had been generalized in many different directions such as Waring's problem and Pythagoras numbers, to name a few. One interesting generalization was made by Ramanujan [R] in the early 20th century, who found and listed all 55 positive definite integral quaternary diagonal quadratic forms, up to equivalence, that represent all positive integers. Dickson [D] called such forms universal and confirmed Ramanujan's list except one form from the list that was included by mistake. Later, Willerding [W] added 124 quaternary non-diagonal universal forms to the list, up to equivalence, and claimed that the list is complete. It is not hard to show that 'quaternary' is the best possible in the sense that there is no ternary universal form. Throughout this paper, by integral quadratic forms we mean classic ones, that is, quadratic forms with integer coefficients such that coefficients of non-diagonal terms are multiples of 2.
In 1930, Mordell [Mo1] [Mo2] , [K1,2] . See also , [Sa] for recent developments in this direction.) Such a form is called 2-universal. Recently, all quinary 2-universal forms were determined by the authors [KKO1] . For positive integers k, 3 ≤ k ≤ 8, k-universal forms were also investigated in [KKO1] and [O1] . In 1941, Maass [M] proved the three square theorem, which states : the integral quadratic form x definite integral ternary universal forms over real quadratic fields were determined in [CKR] . For further development on universal forms over number fields, see [Ki1, 2] and [EK] . In 1997, Conway and Schneeberger [Sch] announced so called the fifteen theorem, which characterizes the (1-)universality by the representability of a finite set of positive integers, the largest of which is 15. Using this criterion, they corrected several mistakes in the Willerding's list and announced the new and complete list of the 204 quaternary universal forms, up to equivalence. This result was so stunning and beautiful that it was introduced in the Notices of American Mathematical Society [Du] . It shed new light in the global theory of representations of quadratic forms. Motivated by the fifteen theorem, the authors proved 2-universal and 8-universal analogies in [KKO1] and [O2] .
Then came Bhargava's generalization (see [C] ). It was announced that he proved : for any infinite set S of positive integers there is a finite subset S 0 of S such that any positive definite integral quadratic form that represents every element of S 0 represents all elements of S. As a byproduct, he found S 0 for some interesting sets S, for example, the set of all primes, the set of all positive odd integers, and so on. 
The matrix on the right hand side is called a matrix presentation
Throughout this article, we assume that :
Every O-lattice is positive A
We write for convenience
For any unexplained terminologies and basic facts about quadratic lattices and spaces, we refer the readers to O'Meara's book [O'M1] and Conway-Sloane's book [CS] .
Universal Z-lattices
The famous four square theorem of Lagrange [L] can be rephrased as follows :
The Z-lattice I 4 ∼ = 1, 1, 1, 1 is universal.
In the 19th century, this theorem was extended by Liouville and Pepin
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. Liouville [Li] found all pairs (a, b) of integers 0 < a ≤ b for which 1, a, b, ab are universal. They are :
, (2, 4), (2, 5).
Pepin [P] found six more universal Z-lattices :
It was Ramanujan [R] who found all 54 universal quaternary 4 diagonal Z-lattices. that is not in the above list, survives this elimination process. The hard part is to prove that these are all universal except 1, 2, 5, 5 . For each of theses candidates, he figured out the numbers that cannot be represented by ternary sublattices and showed that those exceptional numbers are indeed represented by the lattice.
It was Dickson [D] who called such forms universal. He confirmed Ramanujan's list and found some universal quaternary non-diagonal Z-lattices. Later, Willerding [W] found 124 universal quaternary non-diagonal Z-lattices, and claimed that these are all up to isometry. Her list, however, turned out to be erroneous and incomplete. She included nine wrong lattices, listed one lattice twice, and missed thirty six. Schneeberger [Sch] fixed her mistakes and completed the list by proving the fifteen theorem (see also [B] ). . An escalation lattice is a lattice that can be obtained from a finite sequence of escalations starting from 0 . Then 1 ∼ = 1 is the unique 1-dimensional escalation lattice. Since the turant of 1 is 2, the 2-dimensional escalation lattices are 21 ∼ = 1, 1 and 22 ∼ = 1, 2 . There are three escalations of 21 and six escalations of 22 . These nine Z-lattices are the 3-dimensional escalation lattices. Escalating each of these nine 3-dimensional escalation lattices, one obtains 207 escalation lattices of rank 4, all of which are universal except six. Finally, one obtains 1630 escalation lattices of rank 5 from these six non-universal escalation lattices of rank 4. All of them are universal and the escalation process stops. The fifteen theorem follows immediately from the observation that only possible truants of the non-universal escalation lattices are 1, 2, 3, 5, 6, 7, 10, 14, 15.
Theorem 2.2 (The Fifteen Theorem) A Z-lattice is universal if and only if it represents the following nine positive integers
Schneeberger also considered non-classic universal Z-lattices
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, which correspond to quadratic forms with integer coefficients, and introduced the 290-Conjecture :
Any non-classic Z-lattice is universal if it represetns 1, 2, . . . , 290.
In this article, however, we are not going to discuss non-classic case in detail The elimination process to obtain the above five candidates is quite similar to that of Ramanujan. Each of the five candidates is of class number 1 and represents all binary Z-lattices over Z p at every prime p. So, they are all 2-universal. The result then was extended to non-diagonal case in [KKO1] .
Theorem 3.1 (Kim-Kim-Oh) There exists eleven 2-universal quinary Z-lattices, up to isometry. There are five diagonal ones, listed above, and six non-diagonal ones : (see [KKO1] ). The following 2-universal version of the fifteen theorem that characterizes 2-universal Z-lattices can also be found in [KKO1] :
11 No quaternary Z-lattice can be 2-universal. 12 The other class in the genus is the class of 1, 1, 1, 1, 6 . This theorem follows from the fact that every Z-lattice representing the six binary Z-lattices listed above contain one of the eleven 2-universal quinary Z-lattices.
k-universal Z-lattices for k ≥ 3
We refer the readers to [KKO1] or [O2] for the details in this section. It is well known [K1] that :
The Z-lattices If we let u p [k] be the minimal rank of Z p -lattices which represent all Z p -lattices of rank k, then : u p [k] = k + 3 for all k ≥ 3, and
Returning to u[k], one can show :
Theorem 4.1 For 1 ≤ k ≤ 10, we have:
if n = 9, 30 if n = 10.
The growth of the k-th universal number u[k] is expected to be of the same magnitude as that of (k + 3)h(I k+3 ), where h(I k+3 ) is the class number of I k+3 . It is not hard to prove that the number of non-isometric k-universal Z-lattices of the minimal rank u[k] is finite. For each k, 3 ≤ k ≤ 8, we list the k-universal Z-lattices of the minimal rank together with and a few candidates, up to isometry, in the next theorem :
Theorem 4.2 (1) There are nine 3-universal Z-lattices of rank u[3] = 6 found so far, and there can be at most two more. They are
(2) There are exactly three 4-universal Z-lattices of rank u[4] = 7. They are :
(3) There are two 5-universal Z-lattices of rank u[5] = 8 found so far, and there can be at most one more. They are :
(4) There are exactly two 6-universal Z-lattices of rank u[6] = 13. They are :
(5) There are exactly three 7-universal Z-lattices of rank u [7] = 15. They are :
Observe that if k ≥ 6, then no diagonal Z-lattice can be k-universal. This is simply because E 6 cannot be represented by a sum of of squares. The following is an 8-universal version of the fifteen theorem that characterizes 8-universal Z-lattices : 
Universal O-lattices
Let F be a totally real number field and O = O F be its ring of algebraic integers. Maass' three square theorem [M] says :
The O F -lattice I 3 is universal, where F = Q( √ 5).
No O-lattice corresponding to a sum of squares can be universal over any totally real number field F other than Q and Q( √ 5) according to Siegel [S1] , who proved :
The only totally real number fields, where every totally positive integer can be written as a sum of squares, are Q and Q( √ 5).
The following theorem extends Maass' three square theorem [CKR] : 
for some binary sublattice L 0 . In order to prove the theorem, one eliminates all other possibilities for L except the five listed by finding upper bounds of norms of successive minima of L 0 . Then prove that each of the five represents all totally positive algebraic integers of F over (O F ) p at every prime ideal p of O F (see [O'M2] ). Furthermore, one can show by using Siegel's mass formula that they all have class number 1, which proves their universality (see [Kör] ).
Totally real number fields may well admit universal O-lattices that are not sums of squares. It is not hard to show that there exist no universal binary O-lattices. Hence, the minimal rank of universal O-lattices is at least 3. So, if we define 
We give a sketchy of proof : Let F = Q( √ m), where m > 5 is a square-free integer. 
where 2 = 1 + √ 2 is the fundamental unit of Q( √ 2) and 2 = 1 − √ 2, and that [Ki1] proved that for any given n, there exist finitely many totally real fields F with [F : Q] = n such that u(O F ) = 3. He further proved that if a given n is 2 or odd, then there exist finitely many totally real fields F with [F : Q] = n such that u(O F ) = 4. See [Ki2] for higher rank universal O-lattices over real quadratic fields.
We close this section with an easy but interesting characterization of Q. Let F be a totally real number field such that every binary O F -lattice can be represented by a sum of squares. Then by Siegel's result mentioned in the beginning of this section, F is either Q or Q( √ 5). But in the latter case, the binary O F -lattice [2, 4 + 3 , 1]
cannot be represented by a sum of squares. Therefore,
The only totally real number field F , where every binary O F -lattice can be represented by a sum of squares, is Q.
S-universal Z-lattices
Bhargava's generalization (see [C] ) of Schneeberger's fifteen theorem is as follows :
For any given infinite set S of positive integers, there exists a finite subset S 0 of S such that every S 0 -universal Z-lattice is S-universal.
It is known that he found S 0 's explicitly for some interesting sets S. For examples, if S is the set of all primes, then 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 67, 73 }, and if S is the set of all positive odd integers, then 3, 5, 7, 11, 15, 33 }, and so on. His result was fully generalized as follows
Theorem 6.1 (Kim-Kim-Oh) For any given infinite set S of Z-lattices of a given rank, there exists a finite subset S 0 of S such that every S 0 -universal Z-lattice is S-universal.
We sketchy the proof : Let S = { 1 , 2 , . . . , t , . . . } be a given infinite set of Zlattices of rank k. For any Z-lattice L, define L as follows:
Define T i 's inductively as follows: Let T 1 be the set of all Z-lattices of rank k that represent 1 . Then T 1 is clearly finite. For i ≥ 1, let
and for each L ∈ U i let U (L) be the set of Z-lattices M satisfying the following two conditions: (i) M represents both L and L , and (ii) no sublattice of M of rank less than rank (M ) can represent both L and L . Then define (L) ), where µ(a lattice) denotes the last successive minimum of the lattice. Let K be the sublattice of M generated by the vectors x ∈ M with Q(x) < µ (M ) and defineK := QK ∩ M . ThenK is a sublattice with rank less than rank (M ) and represents both L and L , which is a contradiction. So the last successive minimum of M is bounded above. From this follows :
For every i = 1, 2, 3, . . . , T i is a finite set.
Note that every Z-lattice in T i represents j for all j ≤ i. Assume that there exists an r such that every Z-lattice in T r is S-universal. Let
It only remains to show the existence r such that every Z-lattice in T r is S-universal. This can be proved by applying Hsia-Kitaoka-Kneser's theorem [HKK] repeatedly (see [KKO2] for detail). In the process, one needs the following local version of Theorem 6.1, whose proof is quite similar to that of Lemma 1.5 [HKK] .
Theorem 6.2 For any given infinite set S(p) of Z p -lattices of a given rank, there exists a finite subset
The following corollaries are immediate consequences of Theorem 6.1 : Corollary 6.1 Let S be an infinite set of Z-lattices of bounded rank. Then there exists a finite subset S 0 of S such that every S 0 -universal Z-lattice is S-universal.
An S-universal Z-lattice is said to be new if it does not contain a sublattice of lower rank that is also S-universal and old, otherwise.
Corollary 6.2 Let S be an infinite set of Z-lattices of rank n. Then there exist positive integers N 1 (S) and N 2 (S) such that
(1) there is no S-universal Z-lattice of rank less than N 1 (S), (2) there exist S-universal Z-lattices of rank N for every N ≥ N 1 (S), and (3) there is no new S-universal Z-lattice of rank greater than N 2 (S). In particular, the total number of new S-universal Z-lattices is finite.
Let P k denote the set of all Z-lattices of rank k. It is known (see [B] and [KKO1] ) that N 1 (P 1 ) = 4, N 2 (P 1 ) = 5 and N 1 (P 2 ) = N 2 (P 2 ) = 5.
S is finite such that every S -universal Z-lattice is S-universal }.
Schneeberger [Sch] proved that S 0 = { 1, 2, 3, 5, 6, 7, 10, 14, 15 } is a unique minimal set in Γ(P 1 ). The uniqueness of a minimal S 0 , however, is not guaranteed in general. For example, if we let
The following open questions seem to be quite interesting but difficult :
(1) For which S is there a unique minimal
Here γ(S) := min{ |S 0 | : S 0 ∈ Γ(S) }, which is finite by Theorem 6.1. One can show both N 1 (P k ) and γ(P k ) have exponential lower bounds (see [KKO2] ).
Remarks : (1) Theorem 6.1, Corollaries 6.1 and 6.2 should hold for totally positive O F -lattices, where F is any totally real number field because all ingredients (reduction theory, local and global theory, and Hsia-Kitaoka-Kneser theorem, etc.) in the proofs are available over totally real number fields.
(2) For a given Z-lattice L, let S be the set of all Z-lattices of rank k that are represented over Z p by L at all p. Then by Theorem 6.1, there is a finite subset S 0 of S such that if L represents every element of S 0 then L represents all of S, that is, L is k-regular. The existence of such S 0 , when L is k-regular, can also be deduced from finiteness of class numbers.
Fourier coefficients of theta-series
where M L is a matrix presentation of L, Tr is the trace, N k is the set of all k × k semi positive definite symmetric matrices over Z,
is the representation number of N by L, and finally 
r(n; L) exp(2πinz), z ∈ H 1 be the elliptic theta-series attached to L. Then r(n; L) > 0 for every non-negative integer n if r(n 0 ; L) > 0 for n 0 ∈ S 0 = { 1, 2, 3, 5, 6, 7, 10, 14, 15 } by the fifteen theorem.
Furthermore, according to Bhargava, if we take S = P , the set of all primes, then r(p 0 ; L) > 0 for p 0 = 2, 3, . . . , 47, 67, 73 implies r(p ; L) > 0 for all p ∈ P , and similarly, if we take S = O, the set of all positive odd integers, then r(n 0 ; L) > 0 for n 0 = 1, 3, 5, 7, 11, 15, 33 
